Chapter 5

The transportation problem and the
assignment problem

In this chapter we introduce the algorithms used to solve two specific linear prob-
lems: the transportation problem and the assignment problem.

5.1 The transportation problem

In the application of linear programming techniques, the transportation problem
was probably one of the first significant problems studied. The problem can be
expressed by the formulation of a linear model, and it can be solved using the
simplex algorithm. However, and because of the special structure of the linear
model, it can be solved with a more efficient method which is the topic of this
chapter.

The transportation problem deals with the transportation of any product from
m origins, Oy, ..., O,,, to n destinations, D, ..., D, with the aim of minimizing
the total distribution cost, where:

e The origin O; has a supply of a; units, i = 1,...,m.

e The destination D; has a demand for b, units to be delivered from the ori-
gins, 5 =1,...,n.

® ¢;; is the cost per unit distributed from the origin O; to the destination D;,
1=1,....m, 3=1,...,n.
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152 Chapter 5. The transportation problem and the assignment problem

In mathematical terms, the above problem can be expressed as finding a set of
xi's, 1 =1,...,m, j = 1,...,n, to meet supply and demand requirements at a
minimum distribution cost. The corresponding linear model is:

m n
min z = E E CijTij

i=1 j=1

subject to
n
ZZL‘US(IZ', izl,...,m
j=1
m
i=1
; >0, 1=1,....m, j=1,...,n

Thus, the problem is to determine z;;, the number of units to be transported
from O; to D;, so that supplies will be consumed and demands satisfied at an
overall minimum cost.

The first m constraints correspond to the supply limits, and they express that
the supply of commodity units available at each origin must not be exceeded. The
next n constraints ensure that the commodity unit requirements at destinations
will be satisfied. The decision variables are defined positive, since they represent
the number of commodity units transported.

The transportation problem in standard form is shown below:

m n
min z = E E CijTij

i=1 j=1

subject to

n
E T = Qy, Z:L...,m
j=1

zm:l'ij:bj j:]_,...,n
=1

2520, e=1,....m, j=1,...,n

Example. Two bread factories, O; and O,, make the daily bread in a city. The
bread is delivered to the three bakeries of the city: Dy, Dy and Ds. The supplies
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5.1. The transportation problem 153

of bread factories, the demands of bakeries and the per unit transportation costs
are displayed in the following graph:

We define the following decision variables:

x;;: the number of loaves of bread to be distributed from the bread factory O;
to the bakery D;,1=1,2,5 =1,2,3.

The corresponding linear model is the following:

min z = 8x1y + 6212 + 10213 + 10297 4+ 4299 + 9293

subject to
Ty +Ti2 T3 = 2000
To1  +xag 4wz = 2500
11 +T1 = 1500
T12 +T22 = 2000
T13 4293 = 1000

T11, T12, T13, Ta1, T2, Tz = 0

We can write the constraints in equation form, because the total supply is equal
to the total demand. In order to analyze the structure of matrix A, we write the
model in matrix form.

Operations Research. Linear Programming
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T11
T12
. x13
min z = (8,6, 10, 10, 4, 9)
T21
T22
T23
subject to
Z11
1 11000 2000
T12
000111 2500
Z13
1 001 0O = 1500
T21
01 0 01O 2000
X22
0 01 0 01 1000
T23

T11,T12, T13, Ta1, Taz, Tog > 0

In this example, we have two origins, m = 2, and three destinations, n = 3.
Matrix A has 2 4+ 3 rows and 2 x 3 columns. It can be verified that the rank of the
matrix is 4.

Note that each column of the matrix has only two 1’s and 0’s elsewhere. We
use two subscripts to denote each one of the columns of matrix A, as we did when
we defined the decision variables for the transportation problem. Thus, in this
example we denote by aj;, ajs, a3, A, Az, azz the six column vectors of the
matrix. If we observe the positions at which the 1’s can be found, we can easily
see that, vector a;; for instance has a 1 in the 1st row and the other in the m + 1th
row, vector as; has the 1’s in the 2nd and m + 1th rows and vector ass3 has the 1°s
in the 2nd and m + 3th rows. In general, we can state that the two 1’s of vector
a;; of matrix A are in rows ¢ and m + j. O

Therefore, the structure of matrix A depends on the number of origins and
the number of destinations of the problem; any transportation problem having m
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5.2. The matrix format for the transportation problem 155

origins and n destinations has the same matrix A. This matrix has m + n rows
and m x n columns. The rank of matrix A is m + n — 1, that is, any basis
consists of m + n — 1 vectors. There are only two 1’s in each column vector a;;
of matrix A, and they are located in rows ¢ and m + j, being O the rest of the
values of the column vector. Thus, a transportation problem is specified by the
number of origins, the number of destinations, the supplies, the demands and the
per-unit transportation costs. All this information can be abbreviated in the form
of a rectangular array.

5.2 The matrix format for the transportation prob-
lem

The relevant data for any transportation problem can be summarized in a matrix
format using a tableau called the transportation costs tableau (see Figure 5.1).
The tableau displays the origins with their supply, the destinations with their de-
mand and the transportation per-unit costs.

Dy | Dy s D,, || Supply
O C11 | C12 s Cin a
O, Ca1 | C22 s Con a2
Om Cm1 | Cm2 e Cmn Am
Demand || b; | bs e by,

Figure 5.1: The transportation costs tableau

Example. The transportation costs tableau of the example of page 152 is the
following:
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156 Chapter 5. The transportation problem and the assignment problem

Dl DQ D3 Supply

O 8 6 10 2000
Os 10 4 9 2500

Demand || 1500 | 2000 | 1000

The two origins of the problem are shown in the left column of the tableau,
the bread factories O; and O, and their supply are displayed in the right column.
The destinations appear at the top row of the array, bakeries D, Dy and D3, and
their demand are at the bottom row of the array. Cells lying in the ith row and jth
column of the tableau give the per-unit distribution cost coefficient ¢;;, 1 = 1,2,
j=1223. a

5.3 Formulating transportation problems

We defined the transportation problem as a problem of goods transportation. How-
ever, there is a wide range of different areas of application where it is very useful
to formulate other problems by means of the matrix format for the transportation
problem, and to apply the specific solution techniques that will be explained along
this chapter.

In this section, we give two examples to show how to model an inventory
planning problem and a production problem as transportation problems.

Example 1. An inventory planning problem.

A company needs to plan its production for the four quarters of the next year
(one quarter is three months). It forecasts the following demands: 100 units the
first quarter, 100 units the second, 200 units the third and 200 units the fourth.
During each quarter, the production capacity is limited to 150 units. The demand
of a quarter cannot be met in the next one. It costs 2 to produce a unit of product,
which can be stored in a warehouse and be used to meet the demand of subsequent
quarters. It costs 0.5 per quarter to store a unit of product in the warehouse.

In order to formulate this problem using the matrix format of the transporta-
tion problem, we define an array of four rows and four columns, each of which
represents a quarter of the next year. The decision variables z;; represent the
number units produced in quarter i to meet the demand of quarter j,7 = 1,...,4,
j=1,...,4.
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5.3. Formulating transportation problems 157

e Supply of the four origins: 150, 150, 150, 150.
e Demand of the four destinations: 100, 100, 200, 200.
e If ¢ = j, the per-unit production costis ¢;; = 2, 4,7 = 1,...,4.

e If 7 < j, the per-unit cost ¢;; is computed as follows:
¢;; = per-unit production cost + per-unit storage cost.

For example, c15 = 2.5, c13 = 3, and the rest of the costs are computed in a
similar way.

e If 7 > j, a penalty cost M is assigned to c;; so that the variable x;; is not
basic, being M a large positive number.

This yields the following transportation costs tableau for the given inventory
planning problem:

1 2 3 4 | Supply

1 2 125 3 |35 150
2 M| 2 [25] 3 150
3 M| M| 2 |25 150
4 M| M| M| 2 150

Demand | 200 | 150 | 200 | 100

O

Example 2. A production problem. A company manufactures a type of
product in three different production plants: P;, P, and P5. Each of these produc-
tion plants can produce up to 1500 units per month. The company supplies four
customers who require each 1000, 1200, 1500 and 1000 units per month.

The company makes a benefit of 110 units for the manufacture of each unit
of product. The unit transportation costs from each production plant to each cus-
tomer are displayed below:
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158 Chapter 5. The transportation problem and the assignment problem

1 2 3 4
P30 10 25 20
P15 25 30 10
P; 120 30 15 20

We now proceed to formulate the matrix format of the transportation problem
for the given production problem, so as to maximize the company’s revenue:

e Supplies: a; = 1500, ay = 1500, asz = 1500.
e Demands: b; = 1000, by = 1200, b3 = 1500, by = 1000.

e Each entry ¢;; in the tableau represents the revenue obtained by manufac-
turing a unit of product in the production plant P; to meet the demand of
customer j,1 = 1,2,3, 7 = 1,2, 3,4, and is computed like this:

¢ij = per-unit production revenue — per-unit transportation cost.

For instance,
c;p =110 —30 =80, c¢12 =110 —10 =100, ¢33 =110 — 15 = 95.
The rest of the per-unit revenues are computed in a similar way.

The matrix format of the transportation problem to maximize the company’s
overall revenue is the following:

1 2 3 4 Supply

P 80 100 85 90 1500
Py 95 85 80 100 || 1500
Py 90 80 95 90 1500

Demand || 1000 1200 1500 1000
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5.4. Theorems and definitions 159

5.4 Theorems and definitions

As we previously said, the transportation problem is just a special type of linear
programming problem. We can take advantage of its special structure to adapt
the simplex algorithm and to have a more efficient solution procedure. In this
section we state some theorems and give some definitions that permit us derive
the solution method for transportation problems.

Theorem 5.4.1 The necessary and sufficient condition for a transportation prob-
lem to have a solution is that the total demand equals the total supply.

Proof. According to the standard form of the transportation problem, each of
the supplies a; satisfies one of the following constraints:

n
E Tijg=a;, 1=1,...,m
j=1

If we sum all the supplies, we get the total supply, which is:

i=1 j=1

In a similar way, demands b; satisfy the following constraints:

ixij:bj jzl,...,n
i=1

The total demand is the following:

j=1 i=1 j=1

The left-hand sides of equations (5.1) and (5.2) are equal. It follows that the
equations mentioned are satisfied if and only if

m n
E a; = E bj
=1 j=1
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160 Chapter 5. The transportation problem and the assignment problem

The theorem above states that, under the assumption that the total supply
equals the total demand, the transportation problem always has a feasible solu-
tion. However, such assumption is not always held. When the total supply does
not equal the total demand, the problem has to be adapted before being solved,
and the solution will be interpreted afterwards.

Definition 5.4.1 (Balanced problem.) A transportation problem is said to be bal-
anced if Z a; = Z b;.
i=1 j=1

If the transportation problem is unbalanced, we have to convert it into a bal-
anced one before solving it. There are two possible cases:

1.st case. The demand exceeds the supply, Z a; < Z b;.
i=1 j=1
It is not possible to satisfy the total demand with the existing supply. In this
case, a dummy source or origin O,,; is added to balance the model. Its
corresponding supply and unit transportation cost are the following:

n m

Am+1 = E bj — E a;.
j=1 i=1

Cm—i—l,j:Oa ]:1,,71

As the supply a;,,+1 coming from the dummy origin O,,,1 does not exist,
any destination receiving transportation units from the dummy origin will
experience shortage, which means that its demand will not be correctly sat-
isfied. In some practical cases, it may be convenient to assign a unit trans-
portation cost ¢,,41,; different from zero, a penalty of M for instance, in
order to prevent shortage at a particular destination.

Example. Consider the following transportation problem in matrix format:

1121 3 | Supply

1 2143 10
2 6|14 20

Demand || 20 | 20 | 20
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5.4. Theorems and definitions 161

e Total supply = a; + a; = 10 + 20 = 30.
e Total demand = b; + by + b3 = 20 + 20 + 20 = 60.

The demand exceeds the supply. We add the dummy origin 3 to balance the
problem, being a3 = 60 — 30 = 30 its supply. We consider unit transporta-
tion costs cs1, 32 and c33 to be zero. This leads to the following balanced
transportation problem in matrix format:

11 2] 3 | Supply

1 2143 10
2 6| 1]4 20
3 01010 30

Demand || 20 | 20 | 20

2.nd case. The supply exceeds the demand. Z a; > Z b;
i=1 j=1
Being the total supply higher than the total demand, we add a dummy des-
tination D, to the problem, such that its demand and unit transportation

costs are:
m n
bn+1 = E a; — E bj.
1=1 j=1

Ci7n+1:O, Zzl,...,m.

The demand of the dummy destination is the difference between the total sup-
ply and the total demand. Unit transportation costs from any origin to the dummy
destination are considered to be zero, because they do not correspond to real prod-
uct transportations. However, it is possible to assign unit transportation costs dif-
ferent from zero if, for instance, we want to consider the cost of having product
units stored.

Example. Consider the following transportation problem in matrix format.
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1121 3 | Supply

1 3121 50
2 6 |4]4 50

Demand || 20 | 20 | 20

e Total supply = a; + az = 50 + 50 = 100.
e Total demand = b; + by + b3 = 20 + 20 4 20 = 60.

The total supply is higher than the total demand. We add a dummy destination
4, with a demand b4 = 100 — 60 = 40. The unit transportation costs ¢4 and ¢y
are considered as zero. The balanced transportation problem in matrix format is:

1121|314 | Supply

1 1372 11]0]| 50
2 (161414101 50

Demand || 20 | 20 | 20 | 40

O

Theorem 5.4.2 A balanced transportation problem always has a feasible solu-
tion.

Proof. Consider the linear model in standard form of a balanced transportation
problem. Theorem 5.4.1 states that it has, indeed, a solution. Let us prove, now,
that there exists a feasible solution. Consider:

TIXm:ai:Zn:bj
j=1

i=1

(libj

It is easy to show that z;; = = verifies the constraints, ¢ = 1,...,m, j =
1,...,n, and is consequently a solution. Moreover, it is feasible, because x;; > 0
holds, 1 =1,...,m, 7=1,...,n. O

Theorem 5.4.3 A balanced transportation problem always has a basic feasible
solution. Such a solution consists of m + n — 1 positive variables at most.
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5.5. Finding an initial basic feasible solution 163

In the next section, we present two methods proposed to find a basic feasible
solution for a transportation problem: The Northwest Corner method and Vogel’s
approximation method.

5.5 Finding an initial basic feasible solution

The procedure of calculating an initial basic feasible solution is performed in a
tableau of the same dimensions as the transportation costs tableau; the transporta-
tion solution tableau, where each position (7, j) is associated with the decision
variable z;;, that is, the number of units of product to be transported from origin
O; to destination D, (see Figure 5.2). Such positions (i, j) are called cells, and
represent a solution. An empty cell denotes a value of zero.

Dy | D, "o D,, || Supply
O T11 | T12 s T1n ay
O, Ta1 | T22 T Ton, a2
Om Tml | Tm2 e Tmn Am
Demand b1 b2 ce bn

Figure 5.2: The solution tableau for the transportation problem

5.5.1 The Northwest Corner method

Given a balanced transportation problem, and starting at a solution tableau with all
the cells (7, j) empty, the following steps lead to an initial basic feasible solution.

* Step 1. In the rows and columns under consideration, select the cell (3, j)
in the upper left-hand corner (northwest corner) of the solution tableau (to
begin,: =1, 7 = 1).
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* Step 2. Assign to the variable x;; the maximum feasible amount consistent
with the row and the column requirements of that cell, that is, the value:

Tij = min{ai, bj}

At least one of the requirements, the supply or the demand, will then be
met. Adjust the supply a; and the demand b; as follows:

e If a; happens to be the minimum, then the supply of the origin O;
becomes zero, and the row ¢ is eliminated from further consideration.
The demand b; is replaced by b; — a;.

e If b; happens to be the minimum, then the demand of the destination
D; becomes zero, and the column j is eliminated from further consid-
eration. The supply «; is replaced by a; — b;.

e If a; = b;, then the adjusted values for the supply a; and the demand
b; become both zero. The row 7 and the column j are eliminated from
further consideration.

* Step 3. Two cases may arise:

e [f only one row or only one column remains under consideration, then
any remaining cells (7, j), that is, variables z;; associated with these
cells, are selected and the remaining supplies are assigned to them.
Stop.

e Otherwise, go to Step 1.

Example. Consider the balanced transportation costs tableau of the example
on page 155.

Dy | Dy | Ds | Supply

O 8 6 10 2000
Os 10 4 9 2500

Demand | 1500 | 2000 | 1000

Supply = 2000 + 2500 = 1500 + 2000 + 1000 = Demand

First iteration.
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* Step 1. We select the upper left-hand corner cell (1, 1), which corresponds
to the 1st row and the 1st column of the solution tableau (see the symbol x
entered in the tableau shown below).

Dy D, D3 ||Supply

0O, * 2000

O, 2500
Demand || 1500 | 2000 | 1000

* Step 2. Assign to the variable x1; the maximum feasible amount consistent
with the row and the column requirements, and adjust the supply and the
demand requirements.

x1; = min {ay, by} = min {2000, 1500} = 1500
The adjusted supply of the origin O;: a; = 2000 — z1; = 500.
The adjusted demand of the destination D;: b; = 1500 — x1; = 0.

The demand of the destination D; has been satisfied; the column 1 is elimi-
nated from further consideration.

D, D, D3 ||Supply
0
Or || 1500 * 99{500
Os 2500
Demand m 2000 | 1000

* Step 3. More than one row or one column remain under consideration in
the solution tableau. Therefore, we go to Step 1, and proceed with a new
iteration of the algorithm.
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Second iteration. As in the first iteration, in the rows and columns un-
der consideration we select the cell in the upper left-hand corner. This time,
we select the cell (1,2), which corresponds to the 1st row and the 2nd column
of the solution tableau (see the symbol * entered in the tableau shown above).
x12 = min {500,2000} = 500. We adjust the supply and the demand require-
ments: a; = 500 — x15 = 0 and by = 2000 — 500 = 1500. The supply of the
origin O; becomes zero, and the row 1 is eliminated from further consideration.
The adjusted solution tableau is the following:

D1 DQ D3 Supply

2000

O: || 1500 | 500 500

O, 2500
Demand || 1500 %0 1000

Only one row remains under consideration: the second, which corresponds to
the origin O,. Thus, the two remaining cells (2,2) and (2, 3) are selected and
the remaining supplies x5, = 1500 and x93 = 1000 are assigned to the variables
associated with them. The algorithm stops; the tableau shows an initial solution
to the problem.

Dy D,y D3 ||Supply

O, 1500 500 2000

Os 1500 | 1000 2500
Demand || 1500 | 2000 | 1000

The initial solution obtained is basic and feasible. m+n—1=24+3-1=4
variables have been assigned a positive value; they are the basic variables.

e The solution.

11 = 1500, T19 = 500, Ir13 = O, To1 — O, Tog = 1500, To3 = 1000.
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e The total transportation cost.

2 = (1500 x 8) + (500 x 6) + (1500 x 4) + (1000 x 9) = 30000.00

The Northwest Corner method is a very simple procedure proposed to find a
basic feasible solution for a transportation problem. However, the unit transporta-
tion costs play no role in this method, which simply selects the upper left-hand
corner variable and assigns a value to it. We next present another method, which
takes the unit transportation costs into account, and which usually results in a
basic feasible solution close to the optimal solution.

5.5.2 Vogel’s approximation method

The main difference between the Northwest Corner method and Vogel’s approx-
imation method lays in the criteria used in Step 1 to select a cell in the solution
tableau. Instead of selecting the upper left-hand corner, Vogel’s approximation
method computes row differences and column differences to select a cell. The
row difference and the column difference are defined as follows:

e RD, = the arithmetic difference between the smallest and the next smallest
unit cost ¢;; which remain under consideration in the row 4, @ = 1,...,m.

e C'D; = the arithmetic difference between the smallest and the next small-
est unit cost ¢;; which remain under consideration in the column j, j =
1,...,n.

The row differences and the column differences are used to make a more con-
venient selection of a cell in the solution tableau; a selection based on the unit
transportation costs. Given a balanced transportation problem, and starting at a
solution tableau with all the cells (4, 7) empty, Vogel’s approximation method con-
sists of the following steps, and leads to a reasonably good initial basic feasible
solution:

* Step 1. Compute for each row ¢ and each column j the differences RD; and
CD;. Among the rows and columns still under consideration, find the one
with the largest difference, and find in it the cell (7, j) with the smallest unit
transportation cost ¢;;.
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* Step 2. Assign to the variable x;; the maximum feasible amount consistent
with the row and the column requirements of that cell, that is, the value:

x;; = min{a;, b, }.

At least one of the requirements, the supply or the demand, will then be
met. Adjust the supply a; and the demand b; as follows:

e If a; happens to be the minimum, then the supply of the origin O;
becomes zero, and the row ¢ is eliminated from further consideration.
The demand b; is replaced by b; — a;.

e If b; happens to be the minimum, then the demand of the destination
D becomes zero, and the column j is eliminated from further consid-
eration. The supply a; is replaced by a; — b;.

e If a; = b;, then the adjusted values for the supply a; and the demand
b; become both zero. The row 7 and the column j are eliminated from
further consideration.

* Step 3. Two cases may arise:

e If only one row or only one column remains under consideration, then
any remaining cells (¢, j), that is, variables z;; associated with these
cells, are selected and the remaining supplies are assigned to them.
Stop.

e Otherwise, go to Step 1.

Example. Consider the balanced transportation costs tableau of the example
on page 155. Let us apply Vogel’s approximation method to find an initial basic
feasible solution.

First iteration.

* Step 1. We compute the row and column differences, RD; and C'Dj, in the
transportation costs tableau, and find the row or the column with the largest
difference: max{2,5,2,2,1} = 5, so that the second row is chosen. The
smallest unit transportation cost in this row is min{10,4,9} = 4. Thus, cell
(2, 2) has been selected.
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Transportation costs tableau Transportation solution tableau
Dy | Dy| Ds |Supply| RD; Dy| Dy | Ds ||Supply
O 8 6 10 || 2000 | 2 Oy 2000
0, | 10 @ 9 || 2500 @ O, * 2500
Deman|| 1500 |2000 1000 Deman,|1500 | 2000 | 1000

cp; 2 2 1

* Step 2. Assign to the variable x5, the maximum feasible amount consistent
with the row and the column requirements of cell (2, 2):

Z9o = min{2500, 2000} = 2000.

We adjust the supply a, and the demand b, in the transportation solution
tableau. Since the demand of the destination Dy becomes zero, column 2 is
eliminated from further consideration.

Transportation costs tableau Transportation solution tableau
Dy | Ds| Ds | Supply Dy| D3| Ds ||Supply
01 8 6 10 || 2000 01 2000
O, || 104 9 |l 2500 02 2000 500
Deman}| 1500 {2000 {1000 Deman/|1500 0 | 1000

* Step 3. More than one row or one column remain under consideration in
the solution tableau. Therefore, we go to Step 1, and proceed with a new
iteration of the algorithm.

Second iteration.

Once again, we proceed to compute the row and column differences, RD); and
CD;, for rows, columns and costs ¢;; still under consideration in the transportation
costs tableau. In this case, RD; = C'D; = 2 have the same largest difference.
The choice can be made randomly; we choose row 1, for instance. The smallest
unit transportation cost in row 1 is ¢;; = 8, which leads us to choose cell (1,1).
We assign to the variable x1; the maximum feasible amount consistent with the
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row and the column requirements of cell (1,1): x1; = min{1500,2000} = 1500.
We adjust the supply a; and the demand b, in the transportation solution tableau.
Since the demand of the destination [D; becomes zero, column 1 is eliminated
from further consideration.

Transportation costs tableau Transportation solution tableau
Dy | Dy | Ds | Supply RD; Dy| D3| Ds |Supply
01 8 6 10 || 2000 | 2 0O |[1500 500
O, || 10} 4 9 || 2500 | 1 (&) 2000 500
Deman||1500 2000 | 1000 Deman,| 0 0 ] 1000
cD; 2 1

Only one column remains under consideration; the third one, which corre-
sponds to the destination Dj. Thus, the two remaining cells (1, 3) and (2, 3) are
selected and the remaining supplies are assigned to the variables associated with
them: z13 = 500 and x53 = 500. The algorithm stops; the solution tableau shows
an initial basic feasible solution to the problem.

Transportation costs tableau Transportation solution tableau
Dy | Dy | Ds ||Supply Dy | Dsy| Ds ||Supply
01 8 6 10 || 2000 01 1500 500 || 2000
0, | 10 4 9 | 2500 0, 2000 | 500 || 2500
Deman|| 1500 [2000 {1000 Deman| (1500 | 2000 {1000

e The solution.

11 = 1500, T12 = 0, 13 = 500, o1 — 0, Too = 2000, To3 = 500.

e The total transportation cost.

2 = (8 x 1500) + (10 x 500) + (4 x 2000) + (9 x 500) = 29500.

This initial solution is better than the one found by applying the Northwest
Corner method, because the total transportation cost is lower. O
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5.6 Improvement of a basic feasible solution

The dual transportation problem is used to find an improved basic feasible solu-
tion. Consider a balanced transportation problem:

m n
min z = E E CijTij

i=1 j=1

subject to

n
E Tij = Qg 2:1,...,m
j=1

Xm:l'ij:bj, jzl,...,n
i=1

.ZUZJZO, izl,...,m, jzl,...,n

We denote by uq,...,u, and vy, ..., v, the dual variables, which leads to the
following dual model:

m n
max G = E a;u; + g bjv;
i=1 j=1
subject to
u+v;<c¢y, t=1,....,m, j=1,...,n
u;,v; s unrestricted, ¢=1,...,m, j=1,...,n

Example. Consider the linear model of the transportation problem of the ex-
ample on page 152. Let us calculate the corresponding dual model.

min z = 85(711 + 6[1)12 + 101‘13 + 101’21 + 4ZE22 + 91‘23

subject to
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T11 +T12 FT13 = 2000
To1  +Tag +T3 = 2500

11 +T21 = 1500
T +T99 = 2000

Z13 +x93 = 1000

T11,T12, T13, Ta1, Ta1, Tog > 0

The dual variables are denoted by w4, us, v1, v2 and v, which leads to the

following dual model:

max G = 2000u; 4 2500us + 1500v; + 2000v, + 100005

subject to

Uy +v1 S 8

Uy +vU2 ~ 6

Uy +vg3 < 10
Uy +vp <10
U9 +Uo ~
U9 +v3 < 9

u;, v; : unrestricted

O

The method used to compute the optimal solution of a transportation problem

is actually a direct adaptation of the simplex method. Starting at an initial ba-

sic feasible solution, the method computes another basic feasible solution with a

lower objective value z (bear in mind that the objective of the transportation prob-

lem is to minimize). To do so, we need to move from one basis to another, and

thus, determine an entering variable and a leaving variable. This change in the
basis is made according to the criteria studied in the improvement theorem.

OpenCourseWare, UPV/EHU



5.6. Improvement of a basic feasible solution 173

5.6.1 Selection of the entering vector

Note that the variables in the transportation model are denoted by z;;, the unit
transportation costs by ¢;; and column vectors of matrix A by a;;, 1 =1,...,m,
j=1,...,n.

According to the improvement theorem, we need to compute the reduced cost
coefficients z;; — ¢;; in order to decide whether the solution in hand can be im-
proved:

e —=clB lan — ¢
Zij — Cij = Cp a;; — Cij.
Since cLB~! is the vector of dual variables,
cEB™h = (U1, .. U, v, ., )

then,
Zij — Cij = (Uh ey U, U1y e - ,vn)aij — Cij~
Since a;; consists of 1’s and 0’s, and the only two 1’s are in the ith and in the
(m + j)th positions, we get:

Zij — Cij = U; +Uj — Cij

Hence, the reduced cost coefficients z;; — ¢;; are computed through the use of
the dual variables. Since z;; — ¢;; = 0 holds for any basic z;;, and since there are
m + n — 1 basic variables, we have a system of m + n — 1 equations of the type:
u; +vj — ¢;; = 0. The solution to the system will enable us to know the values of
the m + n dual variables uy, . .., U, v1, ..., v,. Such system may be solved by
setting any dual variable to an arbitrary value.

Once the values of the dual variables are known, the reduced cost coefficients
zij — ¢;; for the nonbasic variables z;; are computed. Taking into account that
the objective of the transportation problem is to minimize the total transportation
cost, two cases may arise:

o If 2;; —c¢;; < Oforany ¢« =1,...,m, j = 1,...,n, then the solution is
optimal.

e If there is one or more z;; — ¢;; > 0, then the solution may be improved, and
the variable with the maximum reduced cost coefficient z;; — ¢;; is selected
to enter the basis.

Example. Consider the basic feasible solution computed by applying the
northwest corner method on page 166.
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174 Chapter 5. The transportation problem and the assignment problem

Transportation costs tableau Transportation solution tableau
D1 | Ds| Ds |/Supply Dy | Dy| Ds ||Supply
O 8 6 10 || 2000 O; |1500| 500 2000
Oy || 10 4 | 9 1 2500 02 1500 | 1000 || 2500
Deman|| 1500 [2000 | 1000 Deman,|1500 | 2000 | 1000

The basic variables are 11, 12, T22 and x23. We compute the values of the
dual variables uy, ug, v1, v3 and vs, by solving the following system:

ripisbasic = z1—c¢1=0 = wu;4+v;—8=0.
ripisbasic = zi9—co=0 = wu;+vys—6=0.
Togisbasic = 293 —Cpn=0 = wus+uvy—4=0.

Tozisbasic = z93—c3=0 = wus+wv3—9=0.

Since there are four equations and five unknowns, the system has an infinite
number of solutions. Any of the variables can be assigned a value arbitrarily and
the remaining variables will be solved in a straightforward way. This procedure
leads to one of the infinite solutions to the dual variables. For instance, we can set
uy = 0 and solve the system, which yields v; = 8, vo = 6, us = —2 and vz = 11.

Now, we can determine the reduced cost coefficient z;; — c;; for every nonbasic
variable z;;. In this case, the nonbasic variables are x13 and ;.

® z13—Ci3=u; +v3—c3=0+11-10=1> 0.
® 2] —Cop = Uy + V] —Cy1 = —24+8—10=—-4 < 0.

The reduced cost coefficient 2,35 — c;3 is positive. Then, the nonbasic variable
x13 1s chosen to enter the basis replacing one of the four basic variables. This new
basis will let us compute a better basic feasible solution. a

5.6.2 Selection of the leaving vector

In order to identify the leaving vector in the current basis, we need to take into
account the following:

1. The m +n — 1 basic cells corresponding to any basic solution never contain
a cycle. In the previous example, the variables x11, 212, 292 and x93 do not
contain a cycle.
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5.6. Improvement of a basic feasible solution 175

2. The m + n — 1 basic variables together with the entering variable contain a
unique cycle.

Such a unique cycle can be found proceeding in the following way: The
cell that corresponds to the entering variable is marked by the symbol 1, to
indicate that a positive value will be given to the entering variable. Then,
we cross out all the rows and columns which contain only one basic cell,
assuming the cell marked by the symbol 1 to be basic. We first cross out
the rows, for instance, and afterwards the columns, then we check the rows
again and so on. At the end of this process, the basic cells that have not
been crossed out as well as the cell marked with the symbol 1 contain the
unique cycle we are looking for.

Once the cycle has been determined, we need to assign a value to the entering
variable. Moreover, one of the basic variables will have to leave the basis, and thus
become zero. We do it by adjusting the entries in the cycle: since the entering
variable (the one that corresponds to the cell marked by the symbol 1) will be
assigned a positive value, the basic cells in the cycle that are in the same row or
in the same column are marked by the symbol |, to indicate that the value of the
corresponding variable will decrease to compensate the supply and the demand
(bear in mind that the new solution has to continue satisfying the supply and the
demand constraints). We carry on with the process of marking cells, so that the
basic cells in the cycle that are in the same row or in the same column as the ones
previously marked with the symbol | are marked with the symbol 1. The process
ends when all the cells in the cycle are marked.

The first basic variable in the cycle decreased to zero among those marked by
the symbol | becomes the leaving variable. All the basic variables in the cycle are
recomputed. The basic variables that are crossed out, the ones that do not belong
to the cycle, remain unchanged. The entering variable is assigned the value the
leaving variable had before being adjusted. As a consequence, we have a new
basic feasible solution.

Example. We continue with the example on page 173. As we previously
said, variable x5 was selected to enter the basis, and thus, a positive value will be
assigned to it. We mark the cell (1,3) with the symbol 1. We cross out column
1, because it contains only one basic cell: cell (1,1). We stop here the process
of crossing out rows and columns, because all the rest have more than one basic
cells, counting the entering cell (1,3) as being basic. Therefore, variables 12,
T13, Too and x,3 constitute the cycle (see the four shaded cells in the tableau).
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Leaves Enters

D, D, D3 Supply

O1 || 1500 | 500 | %T 2000

0, 1500 11000 || 2500
Demand || 1500 | 2000 | 1000

To compensate the increase in the value of variable 3, the value of variables
19 and x93 In the same row or column, will be decreased. Next to them in the
cycle is variable x55, and thus, its value will be increased. The first basic variable
in the cycle among those marked by the symbol | to be decreased to zero is found
by computing: min{z;2 = 500,293 = 1000} = 500. Thus, 12 becomes the
leaving variable.

Once the entering variable and the leaving variable are determined, all the
variables in the cycle are recomputed; the new basic solution does not contain a
cycle. Since the value of the leaving variable is 500, the variables in the cycle
are updated by increasing or decreasing their value in 500 units. The new basic
feasible solution is shown in the following tableau:

We can check that the new solution satisfies the supply and demand con-

Dy Dy D3 ||Supply

Oy 1500 200 2000

Os 2000 500 2500
Demand || 1500 | 2000 | 1000

straints, just as the previous solution did.

e Solution.

11 = 1500, T12 = 0, r13 = 500, To1 =— O, Tog = 2000, To3 — 500.
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5.7. The transportation tableau 177

e Total transportation cost.

2 = (8 x 1500) + (10 x 500) + (4 x 2000) + (9 x 500) = 29500.

We can verify that the solution has been improved because the total transporta-
tion cost is lower (see the transportation cost on page 167). a

5.7 The transportation tableau

Up to now, we have carried out all the calculations in two different tableaux: the
transportation costs tableau and the transportation solution tableau. Moreover, we
have computed the values u;, v; and z;; — ¢;; outside the two tableaux.

Next, we present the transportation tableau, which puts together all the calcu-
lations needed to solve a transportation problem. Its structure is shown below:

o vy ... Up,
211 — C11 C11 212 — C12 C12 e Z1ln — Cln Cln

U1 Z11 12 T1n al
221 — C21 C21 222 — €22 C22 T Z2n — C2n Con

U2 21 X929 Ton a2
Zml — Cml | Cml | 2m2 — Cm2 | Cm2 e Zmn — Cmn | Cmn

U, Tl Tm2 Tmn A,

by by . b,

Example. Let us continue with the previous example. Its corresponding trans-
portation tableau is the following:
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178 Chapter 5. The transportation problem and the assignment problem

Leaves
v, =8 \U2:6 vy =11
) 6 @ 10 Enters
e 1500 500 l 4 2000
—4 | 10 4 9
Uy = —2 1500 T 1000 l 2500
1500 2000 1000

This transportation tableau shows all the information of the problem (see page
155), the initial basic feasible solution computed by the northwest corner method
(see the solution tableau on page 166), and the values u;, v; and z;; — ¢;; computed
in Section 5.6 to select the entering variable (see page 174). Moreover, the tableau
displays the cycle, the entering variable and the leaving variable (see tableau on
page 176). a

5.8 The transportation algorithm

Consider a transportation problem which has as objective the minimization of the
total transportation cost. The transportation algorithm consists of the following
steps:

* Step 1. Balance the transportation problem.
* Step 2. Compute an initial basic feasible solution.

* Step 3. Compute the values ugy, ..., u,, and vy,...,v, associated with the
current basis.

* Step 4. Compute the reduced cost coefficient z;; — ¢;; = u; + v; — ¢;; for
every nonbasic variable z;;.

e If there is one or more z;; — ¢;; > 0, then the current solution may be
improved. Select the variable with the most positive z;; — ¢;; to enter
the basis, and go to Step 5.
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e If z;;—c;; < 0for all nonbasic variables, then the current basic feasible
solution is optimal and unique. Stop.

o If 2;; — ¢;; < 0 for all nonbasic variables, and for one or more of the
nonbasic variables z;; — ¢;; = 0 holds, then the optimal solution is
multiple. Select anyone of those nonbasic variables to enter the basis,
and go to Step 5.

* Step 5. Find the cycle which includes some of the current basic variables
and the entering variable. Recompute the values of the variables in the cycle
to obtain a new basic feasible solution. Go to Step 3.

5.9 An illustrative example

We shall now show how each of the steps of the transportation algorithm can be
carried out directly in the transportation tableau. Consider the following trans-
portation costs tableau:

1121|314 ]| Supply

1 219 |—14 28
2 6 (10| 3 | — 32
3 4 12|57 60

Demand || 48 | 29 | 40 | 33

The — sign in cells (1,3) and (2,4) means that the transportation of product
units is not possible between the corresponding origins and destinations. To en-
sure that variables x13 and x4 are not assigned any positive value, a large positive
number M is assigned to the cost of the discarded transportations.

First iteration

Step 1. We balance the transportation problem. Supply = 28+32+60 = 120,
Demand = 48 + 29 + 40 4+ 33 = 150. Thirty more units are needed to satisfy
the total demand. Therefore, we add a dummy origin with a supply of 30 units
and zero transportation unit costs. We place the information of the transportation
problem in the transportation tableau.
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5 9 M 4

28
6 10 3 M

32
4 2 ) 7

60
0 0 0 0

30

48 29 40 33

Step 2. We apply Vogel’s approximation method to find an initial basic fea-
sible solution. We compute the row and column differences, RD; and CD;,
1t =1,...,4,7 = 1,...,4. Columns 1 and 4 have the same largest difference.
We select column 1, for instance. The smallest unit transportation cost in column
1 is in cell (4,1). We assign to variable x4; the maximum feasible amount con-
sistent with the row and the column requirements: min{30,48} = 30 units. We
adjust the supply and the demand, and eliminate row 4 from further consideration.
This leads to the following tableau:

5 9 M 4 RD;
28 1
6 10 3 M
32 3
4 2 5 7
60 2
0 0 0 0
30 0 0

18 29 40 33
CD; 4 2 3 4

To proceed with the second iteration of Vogel’s approximation algorithm, we re-
compute the row and column differences where needed. The largest is in column
2, C'Dy = 7, and the smallest unit transportation cost still under consideration in
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column 2 is in cell (3, 2). min{60,29} = 29 units are assigned to x32, the supply
and the demand are adjusted and column 2 is eliminated from further considera-
tion, since the demand has become zero. The tableau is now as follows:

5 9 M 4 RD,
28 1
6 10 3 M
32 3
4 2 5 7
29 31 2
0 0 0 0
30 0
18 0 40 33

cp; 172 3

We repeat the process. We recompute RD; and C'D; where needed, the largest
are RDy = CD, = 3. We select row 2, for instance. The smallest cost still
under consideration is co3 = 3, in cell (2, 3). We assign min{32,40} = 32 to the
variable x93, adjust the supply and the demand, and eliminate row 2, because the
supply has become zero.

sTolel [a] 4] PP
28 1
6| [10] 3] [M
32 0 3
sl b2l (5] |7
29 311
ol Jo| [o] [o
30 0
18 0 8 33
cp; 1 2 3

Now, the largest difference is in column 3, C'D3 = M — 5. The smallest cost still
under consideration in column 3 is min{c3, ¢33} = min{M,5} = 5. Cell (3, 3)
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is selected and min{31, 8} = 8 units are assigned there. We adjust the supply and
the demand, and eliminate column 3, because the demand has become zero.

5 9 M 4 RD;
28 1
6 10 3 M
32 0
4 2 5 7
29 8 23 1
0 0 0 0
30 0
18 0 0 33
CD; 1 M-5 3

There are still two rows and two columns under consideration. The largest dif-
ferences are RD3 = C' Dy = 3. We select row 3. The smallest cost still under
consideration in row 3 is min{csy, ¢34} = min{4,7} = 4. Cell (3,1) is selected
and min{23,18} = 18 units are assigned there. We adjust the supply and the
demand, and eliminate column 1.

5 9 M 4 RD,
28 1
6 10 3 M
32 0
4 2 5 7
18 29 8 5 3
0 0 0 0
30 0
0 0 0 33
CD; 1 3

Only one column remains under consideration; the fourth one. Thus, the two
remaining cells (1,4) and (3,4) are selected and the corresponding variables are
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assigned the remaining supplies: 14 = 28 and x34 = 5. Thus, Vogel’s approxima-
tion method stops. The following tableau shows the initial basic feasible solution
found.

) 9 M 4
28 28
6 10 3 M
32 32
4 2 > 7
18 29 8 ) 60
0 0 0 0
30 30

48 29 40 33

Step 3. Compute the values of the dual variables associated with the current
basis. We set ug = 0. Since x3; is basic, z3; — ¢33 = 0 holds, and substituting the
value ug = 0 into the equation u3 + v; — c3; = 04+ vy — 4 = 0 we solve v; = 4.
By substituting the variables already solved into the equations where they appear,
we solve all the dual variables.

5 9 M 4

u = —3 28 28
6 10 3 M

Uy = —2 32 32
4 2 5 7

us = 0 18 29 8 5 60
0 0 0 0

uy = —4 30 30

48 29 40 33
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Step 4. Compute the reduced cost coefficient z;; — ¢;; = u; +v; — ¢;; for every
nonbasic variable z;;. For instance, 221 — o1 = us +v; —co1 = —2+4—6 = —4.
We proceed in a similar way to compute the rest of the z;; — ¢;;.

1)1:4 Vg = 2 ’0325 U4:7

—4 5 =10 9 hon M 4
up = —3 28 | 28
—4 6|-10 10 3w M
Uy = —2 32 32
4 2 5 7
us=0 |18 |29 8 5 60
0/—2/ 01110 0 Enters
wp=—4 | 30 7130

48 29 40 33

As we can see, z43 — c43 = 1 and 244 — c44 = 3 are positive. We select the variable
with the highest positive value, 44, to enter the basis: cell (4, 4).

Step 5. The cycle includes the entering variable z44 and the current basic
variables x3;, T34 and 4. Increasing x44 requires decreasing x34 by the same
amount to restore the demand of 33 in column 4, which in turn requires increasing
x31 by this amount to restore the supply of 60 in row 3, which in turn requires
decreasing x4; by this amount to restore the demand of 48 in column 1. The
minimum among the decreasing variables: min{5,30} = 5. Thus, z3, becomes
the leaving variable. We recompute the values of the variables in the cycle to
obtain a new basic feasible solution, and continue the process in Step 3.
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v =4v3=2v3=0w =17
STEle[0bd 1] L[ Lo Taf 4]
u = -3 28 28 28 28
6w s o) o 3] [M
Uy = —2 32 32 32 32
o] T2] [s] [7]-™% T4 [2] [5] [7]
ug =0 18 1] 29 8 5 || 60 23 29 8 60
o[ =0 [o@lo] = To [0 o [0
uy = —4/30 | 17 30 25 5) 30
48 29 40 33 48 29 40 33

Second iteration

The application of this procedure in a second iteration of the transportation
algorithm (compute the dual variables and the z;; — ¢;;, identify the entering vari-
able, find the cycle, identify the leaving variable, recompute the variables in the
cycle), yields a better basic feasible solution, as it is shown below.

-1 \i—7 \is—MW \i b \i M E

up =0 28 28 28 28
—4 \ﬂ—lo@ \iz— ]\/IW \i \LO \i M

Uy = —2 32 32 32 32
4| |2 [5]s[7 Lewes [4] [2] [5] [7]

us =0 |23 1 29 8 |7 60 31 29 60
o|=[omo] [0 B o] [0 [0] [o]

ug=—4125 | 75 |30 17 8 |5 30

48 29 40 33 48 29 40 33

Third iteration.

We need to proceed with a third iteration of the transportation algorithm. We
compute the dual variables and the reduced cost coefficients z;; — c;;. However,
we see that z;; — ¢;; < 0 holds for all nonbasic variables, which means that the
current basic feasible solution is optimal and unique.
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v=0 vy=—-2 v3=0 wv4=0
15 |-7|9 4_MM 4
up =4 28 28
—31 6 [=9]10 3 ls_ulM
Uy = 3 32 32
4 2115 |37
ug =4 | 31 29 60
0] _9 0 0 0
Uy = 0 17 8 5 30
48 29 40 33

e The optimal solution: z7, = 28, x5, = 32, 25, = 31, 23, = 29, x}, = 17,
T3 = 8, x4 = o. The first destination receives 17 dummy product units,
the third 8 units and the fourth 5 units. Therefore, their demand has not been
successfully satisfied because there was not enough supply.

e The minimum transportation cost:

2 = (4x28)+(3%32)+(4%x31)+(2%29)+(0x 17)+(0x8)+(0x5) = 390

O

5.9.1 Degeneracy

If a solution to a given balanced transportation problem with m origins and n
destinations has less than m + n — 1 positive variables, that is, if at least one of
the basic variables has the value zero, then it is said to be degenerate. Degeneracy
may occur in the following two cases:

e While computing an initial basic feasible solution, either by applying Vo-
gel’s approximation method or using the northwest corner method. If at
Step 2 of either algorithm we find that when assigning to a variable the
maximum feasible amount consistent with the row and the column require-
ments, both the supply and the demand are equal, then they become both
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zero. This implies that a row and a column are eliminated at the same time

from further consideration.

e While applying the transportation algorithm at Step 5, once we have iden-
tified the entering variable and found the cycle. If two decreasing variables
in the cycle (two cells marked by the symbol |) tie for the minimum, then
after recomputing the values in the cycle, they both become zero. However,

only one of them can be selected as the leaving variable.

If degeneracy is encountered, then it can be handled quite easily by writing
an explicit zero in the cell corresponding to the zero-valued basic variable, and
treating it in the usual way. This enables us to distinguish the zero-valued basic

variable from the nonbasic ones.

Example. Taking the following transportation costs tableau as starting point,
let us compute an initial basic feasible solution:

1 12| 3 | Supply
1 312]1 15
2 1123 10
3 2131 14
Demand || 10 | 6 | 12

We balance the problem, apply Vogel’s approximation method and obtain the ini-

tial basic feasible solution that follows:

s| 2] T1] Jo
I VR TR BT
1] 2] T3] To
w | o
o T3] 1] o
e s | |
0 6 12 11
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We can see that there are 5 positive variables: 13, 14, 21, 32 and z33. Since
there are m + n — 1 = 6 basic variables, the solution is degenerate. Thus, one of
the zero-valued variables is basic, and we need to distinguish it from the nonbasic
ones. The way we do it is by choosing a zero-valued variable such that no cycle
will be formed among it and the five positive variables. In this case, any variable
11, T2, Ta3, To4 OF T31 may be chosen. However, neither x15 nor x34 can be
chosen, since they would form a cycle. If we select 2o = 0, for instance, we
obtain the following degenerate basic feasible solution:

3 2 1 0
o —4—11—15
1 2 3 0
10—0— ] —10
2 3 1 0
—6—8— —14

10 6 12 11
a

Example. Suppose that, at a certain point in the solution process of a trans-
portation problem, we obtain the feasible solution shown below. We, then, com-
pute the reduced cost coefficients z;; — ¢;;:

U1:6 U2:4 U3:1 U4:4

6 4 1 -3(4|-4|8
up =0110 12 o o 22
9|2 9 6|10 |9
Uy =5 10 8 ] ] 18
316 —-4|11 4 7
uz = 3 15 ] ) ] 20
10 22 23 2

Variable x9; is selected to enter the basis, since 297 — ¢co1 = 9 is the maximum
among all z;; — ¢;; > 0. Variables x11, x12, x21 and oy constitute the cycle.
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We recompute the variables in the cycle, and see that two of them become zero:
x11 = 0 and z99 = 0. Remember that, since all the different bases in a vector
space have the same number of vectors, only one of them can be selected to leave
the basis. Therefore, one of them must remain in the basis, x; for instance, while
the other is selected to leave the basis. This yields the degenerate solution shown
in the tableau on the right hand side.

=6 =4v3=1v4=14

6] [a]sle[[s] [ o] [a] [4 [g]
uw =0 110 | 12 22 0 22 22
Enters\g \i \i \io \i \l @ m \i
u =5 7 1 ][10 || 8 18 10 8 18
Leaves < |3 6 _4\£ \i \L \i E E u
s = 3 15 |5 |20 15 |5 |20

10 22 23 5 10 22 23 )

We should proceed with the algorithm until the optimal solution is reached. O

5.9.2 Multiple optimal solutions

Given the transportation costs tableau shown below, we now proceed to calculate
all the optimal solutions.

1123|415 | Supply

1 411121619 100
2 6143 |5]|7 120
)

3 21648 120

Demand || 40 | 50 | 70 | 90 | 90

Applying the transportation algorithm, we obtain the following solution:
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v1=4 ve=1 v3=2 vyu=3 vs=06

4 1 2|1 -3/6|-3|9

up =0 40—20440— ] —100
—-1/6|-24 3| —-1/15 7

uy =1 o 430— —90—120
015 2|1-3|6 41-118

uz =1 —304 —90— —120

40 20 70 90 90

Since z;; — ¢;; < 0 for all nonbasic variables, and z3; — ¢3; = 0, the problem
has multiple optimal solutions.

e An optimal solution: z7j; = 40, 7, = 20, 275 = 40, 253 = 30, 25, = 90,
T5e = 30, 23, = 90.

e The minimum transportation cost:
2" = (4%x40)+(1x20)+(2%x40)+(3x30)+(7%x90)+(2x30)+(4%x90) = 1400.

In order to obtain another optimal solution, we select variable x3; to enter the

basis, and x35 to leave it. We recompute the variables in the cycle, which leads to
another optimal solution.

4 1 2 6 9
10—50—404 ] —100
6 4 3 ) 7

] —304 —90—120
5 2 6 4 8
30— ] 490— —120

40 20 70 90 90

e Another optimal solution: z7;, = 10, 7, = 50, zj; = 40, 253 = 30,
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e The minimum transportation cost:
2" = (4x10)+(1x50)+(2x40)4(3%x30)+(7x90)+(5x30)+(4x90) = 1400.

O

5.10 The assignment problem

The assignment problem is a special case of the transportation problem. It deals
with assigning n origins (workers, for instance) to n destinations (jobs or ma-
chines, for instance,) with the goal of determining the minimum cost assignment.
Each origin must be assigned to one and only one destination, and each destination
must have assigned one and only one origin. c¢;; represents the cost of assigning
the origin O; to the destination D;, ¢,7 = 1,...,n.

Decision variables are defined like this:

1 if O; is assigned to D;
xij =
0 otherwise
A linear model in standard form for the assignment problem is given by the
following:

n n
min z = Z Z Cij T4
i=1 j=1
subject to

n
E Iij:]_, i:17...,n
j=1
n
E i = 1, j=1,...,n
i=1

IL‘ijZO,]_, i,jzl,...,n

The first n constraints ensure that each origin is assigned to one and only one
destination; the next n constraints ensure that each destination is assigned to one
and only one origin.

If the number of origins and destinations are not equal, the assignment prob-
lem is unbalanced. In order to balance it, we can always add as many dummy
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origins or dummy destinations as necessary. The assignment costs of the dummy
origins or dummy destinations are zero.

The relevant data for any assignment problem can be summarized in a matrix
format using a tableau called the assignment costs tableau.

D, Dy ... D,
O1|cn a2 .. cip
O1|ca ¢ ... cop
On Chl Cn2 ... Cpp

Figure 5.3: The assignment costs tableau

Evidently, the assignment problem can be solved using the transportation algo-
rithm described in Section 5.8. However, a highly efficient special algorithm was
developed for the assignment problem, which will be analyze in the next section.

5.10.1 The Hungarian method

The special algorithm developed to solve the assignment problem is based on the
following two theorems.

Theorem 5.10.1 Consider the objective function of an assignment problem:
n n
Z = Z Z cisz-j.
j=1 i=1

If a solution x;; is optimal for the objective function z, then it is also optimal for
the problem in which the objective function has been replaced by z':

n n
! / .
z = E E CijTij
j=1 i=1

where cgj = ¢;j — u; — vj, and u; and v; are constant, 1,7 = 1,... n.
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Proof.

n n n n
, — / . e — . — . ..
7 = E E CiiTij = E g (Cij —wi —vj)xiy; =
j=1 i=1 j=1 i=1
n n n

n n n
= E E Cijxij_ E E Uixij_ E E ijij:

j=1 i=1 j=1 i=1 j=1 i=1

n n n n
=z — E U; E xz’j_ E Uj E xij:
i=1 7=1 7j=1 =1
n

n
=z — E w; — E v; =z — k.
i=1

j=1

The new objective function 2’ differs from the original z by a constant k.
Therefore, the optimal values of z;; are the same in both cases. d

Theorem 5.10.1 enables us to transform the original assignment costs tableau
into an equivalent one, by subtracting «; from row 7 and then subtracting v; from
column j, 7,57 = 1,...,n. So the objective function decreases by the value sub-
tracted, but the solution to the assignment problem remains unchanged, since any
solution must have exactly one x;; = 1 in each row and column.

Theorem 5.10.2 Given c;; > 0 and a solution x;; to the assignment problem, if

n n
z = Z Z cijxi; = 0 holds, then the values of x;; are optimal, i,5 =1,... n.
j=1 i=1

Proof. Since z;; = 0,1 and ¢;; > 0, the objective value is z > 0. If the
objective value is minimum for some values of z;;, that is z = 0, then they are an
optimal solution to the assignment problem, 7,7 =1,...,n. O

The solution of an assignment problem proceeds by transforming the assign-
ment costs tableau to create zero assignment-costs (see Theorem 5.10.1). Then, if
a feasible assignment is found in which all the z;;’s that equal 1 have zero costs
and thus z = 0, the assignment is an optimal solution to the problem (see Theorem
5.10.2).

As we have seen, if a constant is subtracted from each cost in a row or column,
the optimal solution to the problem remains unchanged. The Hungarian method
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is based on this result, and keeps on transforming the assignment costs tableau,
until the created zero entries yield an optimal assignment.

The Hungarian method is based on a fundamental result of Konig, which says:
If the largest number of independent zeros that can be chosen is n, then n lines
can be chosen that contain all of the zeros.

Next, we present the Hungarian algorithm, usually used to solve minimization
assignment problems.

5.10.2 The Hungarian algorithm

The algorithm is used to solve assignment problems in which the objective is to
minimize the total assignment cost, and consists of the following steps:

* Step 1. Balance the assignment problem.

* Step 2. Create zero entries in the rows. For each row in the assignment
costs tableau, subtract the row minimum u; from each element in the row,
u; = min{c;; }. The new entries in the resulting tableau are c;; = c;; — u,

. . ‘7
,7=1,...,n.

* Step 3. Create zero entries in the columns. For each column in the resulting
tableau, subtract the column minimum v; from each element in the column,
v = miin{c;j}. The new entries are ¢j; = ¢j; —vj, i,j =1,...,n.

* Step 4. Choose independent zeros. Find the row or column with the small-
est number of zero entries. Choose one of its zeros, and cross out all the
zeros in the same row or column. Proceed to choose more zeros among the
ones that have not been crossed out, starting at the row or column with the
smallest number of them, until all zeros are either chosen or crossed out.

e If n independent zeros have been chosen, an optimal solution is avail-
able. Stop.

e If less than n independent zeros have been chosen, then go to Step 5.

* Step 5. Draw the minimum number of lines (horizontal or vertical) that are
needed to cover all zeros in the tableau, proceeding like this:

5.1 Mark with a cross any row where none of its zeros has been chosen.
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5.2 Mark with a cross the columns corresponding to the crossed out zeros
in the rows marked in Step 5.1.

5.3 Mark with a cross the rows corresponding to the chosen zeros of the
columns marked in Step 5.2.

Repeat Steps 5.2 and 5.3, until there are no rows or columns that meet the

condition.

Draw a line through any row not marked and any column marked; these
lines cover all the zeros in the tableau. Go to Step 6.

* Step 6. Create new zeros. Find the smallest nonzero entry (call its value k)
that is uncovered by the lines drawn in the previous step. Subtract k& from
each cost that lies in an uncovered row and add k to each cost that lies in a

covered column. Go to Step 4.

Example. Four building companies have presented their projects to a compe-
tition called to build buildings A, B, C' and D. Each builder must be assigned the
construction of a building. The following tableau shows the time each building
company needs to build each of the buildings. The objective is to assign the con-
struction of a building to each building company so that the total building time is

minimized.

A
B
C
D

1 2 3 4
58 58 60 H4
66 70 70 78

106 104 100 95
52 54 64 B4

* Step 1. The assignment problem is balanced.

* Step 2. For each row, we subtract the row minimum, that is, 54, 66, 95 and
52, from each element in the row, respectively.
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12 3 4
Al 44 6 0
Bl 04 4 12
c|i1i1 9 5 0
Dy 0 2 12 2

* Step 3. For each column, we subtract the column minimum, that is, 0, 2, 4
and 0, from each element in the column, respectively.

1 2 3 4
Al 4 2 2 0
B 020 12
ci1i1 71 0
D| 008 2

* Step 4. Choose independent zeros.

e There is only one zero in the first row. It is in cell (A, 4), and we
choose it. We cross out the zero in cell (C, 4), because it is in the same
column as the zero just chosen. This leads to the following tableau:

Q o =
o
o
o
o

Dy 008 2

There are two zeros left in the second row, none in the third and two
in the fourth.

e We now check the columns: there are two zeros left in the first and
only one in the second. Therefore, we choose the zero in cell (D, 2)
and cross out the zero in cell (D, 1), because it is in the same row. The
tableau is now like this:
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1 23 4
Al 4 2 2 [0]
Bl 0 20 12
clin 71 p
D| p o] 8 2

We continue checking the columns. There is only one zero left in the
third column, cell (B, 3); we choose it and cross out the zero in cell
(B, 1), because it is in the same row. This yields the following tableau:

1 2 3 4
Al 4 2 2

Bl p 2 [o] 12
clit 7 1 p
D| p [0o] 8 2

Since less than 4 independent zeros have been chosen, the optimal solution
is not available yet. We proceed to Step 5 of the algorithm.

* Step 5. We now draw the minimum number of lines to cover all the zeros.

5.1 We mark row C, because the only zero it contains has not been chosen.

5.2 There is a zero crossed out in row C. We mark its corresponding
column, the fourth.

5.3 There is a zero chosen in the fourth column; it lies on the first row, and
we mark it. We return to Step 5.2.

5.2 There is no zero crossed out in the first row.
The process of marking rows and columns has finished. We draw a line

through any row not marked and any column marked with a cross (see rows
and columns in shadow).
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4

1

oS Q T =

}&»-lkr—\

2
2
2
7
4 [0]

1

3

2
0

1

8

The three lines in shadow (two rows and one column) cover all the zeros in
the tableau. We proceed to Step 6.

* Step 6. Create new zeros. The smallest uncovered entry is 1. We subtract
1 from each cost that lies in the uncovered rows (the first and the third) and
add 1 to each cost that lies in the covered column (the fourth). The updated

tableau is the following:

1 2 3 4

Al 3 11 0

Bl 0 2 0 13

C|10 6 0 O

D| 008 3

We return to Step 4.
* Step 4. Choose independent zeros.
1 2 3 4
Al 3 1 1

Bllo] 2 p 13
cl10 6 [0] p
D| p o] 8 3

Since 4 independent zeros have been chosen, an optimal solution is avail-
able, and thus, the algorithm stops.
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e An optimal solution.
A — 4:  Builder 4 will build A.
B — 1: Builder 1 will build B.
C' — 3:  Builder 3 will build C'.
D — 2: Builder 2 will build D.

e The minimum assignment cost:

Caq + cp1+ co3 + cps = 54 + 66 4+ 100 + 54 = 274

5.10.3 Maximization problems

The Hungarian method can only be applied to assignment problems where the
objective is to minimize. In the cases where the objective is given in maximization
form, it has to be transformed to the minimization form.

n n
min(—z) = Z Z —CijTij

i=1 j=1

However, this transformation of the objective function causes the assignment
costs to be negative. Theorem 5.10.2 can only be used if costs are nonnegative.
One way to make all entries in the assignment tableau nonnegative is to choose
the minimum among the negative entries (—cy; = min{ —¢;; / —¢;; <0 }), and
to subtract it from each cost in the tableau, cgj = —cj; + ¢ The new entries in

the tableau are, hence, nonnegative, c;j > 0.

max z min(—z) min(—z)
D; D; D;
) /
Oi Cij Oz —Cij —Cp ? Cij
Subtract

Example. An enterprise needs to employ three people for jobs A, B and C.
Five people have applied for the jobs and are taking the selection tests: 1, 2, 3, 4
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and 5. The following tableau shows the marks they obtained in the corresponding
tests, graded from 1 to 10. The symbol — in cell (C, 4) means that person 4 is not
suitable for job C.

12 3 4 5
Al2 4 10 3 6
B|7T 7T 5 6 4
c|8 6 7 — 9

We need to find which person should be assigned to which job, so that the
assignment is optimal. Since the entries in the tableau represent the mark obtained
in each test, the objective of the problem is to maximize. Therefore, we transform
it into the minimization form by replacing the entries ¢;; with —c;;. This yields an
equivalent minimization assignment tableau.

1 2 3 4 5
Al-2 —4 —-10 -3 -6
B|-7 -7 -5 —6 —4
c|-8 -6 -7 — -9

There are negative entries in the tableau; we subtract —10 from each entry in
the tableau, and get the following:

123 4 5
A8 6 0 7 4
B3 35 4 6
cl2 43 — 1

Now, there is no negative entry in the minimization tableau, and thus, the
Hungarian method may be applied. On the other hand, to ensure that person 4
will not be assigned to job C', we place a sufficiently large positive number M
in cell (C,4). The assignment costs tableau is now ready to apply the Hungarian
algorithm.

O
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5.10.4 Multiple optimal solutions. Example

Consider the assignment costs tableau of the previous example.

1 23 4 5
A8 6 0 7 4
B3 35 4 6
cl|2 43 M 1

* Step 1. The problem is not balanced; we need to add two dummy origins
(jobs) to balance it. Assignment costs corresponding to the dummy origins
are zero.

123 4 5
A8 6 0 7 4
B3 35 4 6
cl2 43 M 1
D0 OO0 0 O
E{0 00 0 0

* Step 2. For each row, we subtract the row minimum, that is, 0, 3, 1, 0 and
0, from each element in the row.

123 4 5
A8 6 0 7 4
B0 02 1 3
cl|1 32 MO
D0 OO0 0 O
E{0 00 0 0
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* Step 3. There are zero entries in all columns, and thus, subtracting the
column minimum from each element in the column leaves the tableau as it
1s.

* Step 4. Choose independent zeros. Row 1 and row 3 contain only one zero
entry. We start at row 1, for instance. We choose the zero in cell (A, 3), and
cross out all the zeros in the same row or column. We proceed to choose
more zeros among the ones not crossed out, starting at the row or column
with the smallest number of zeros not crossed out, until all zeros are either
chosen or crossed out.

DO Q B =
= s = [0 »
bbww@w

= n (0] w oe | o

4
7
1
M
py
0]

b@wbmm

Note that 5 independent zeros have been chosen, which means that an optimal
solution is available. The algorithm stops.

e An optimal solution: A -3, B—1, C —5, D — 2 and E — 4.
Person 2 and person 4 are assigned a dummy job, that is, they do not get
any job.

e Assignment cost: ca3+ cp1 +cos+cpe+cps =10+74+9+ 0+ 0 = 26.

The independent selection of zeros in Step 4 could have been made in a differ-
ent way. In fact, job B may be assigned either to person 1 (the previous solution)
or to person 2. The assignment of job B to person 2 leads to another optimal
solution, as shown below:
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1 2 3 4 5
Al 8 6 [0] 7 4
Bl p [o] 2 1 3
cl1 3 2 M |0
pio] o o o p
Elp p p [0 p

e An optimal solution: A -3, B - 2,C —5,D — 1, F — 4.

In this case, person 1 and person 4 remain unemployed.

e Assignment cost: cq3 + cpa+cos +cp1+cpa =10+7+94+0+ 0 = 26.

There are other possible ways to choose independent zeros. The first optimal
solution we foundis A — 3, B — 1,C — 5, D — 2and E — 4, but we can also
find thisone: A — 3, B — 1,C — 5, D — 4 and F — 2. The second optimal
solution we foundis A — 3, B — 2, C — 5, D — 1, E — 4, but we can also
find thisone: A - 3, B - 2,C — 5,D — 4, E — 1. Anyway, being D and F
dummy jobs, the same people will remain unemployed. a
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